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We comment on the paper by E. B. Sonin, PRB 85, 104516 (2012) with which we find ourselves in 
serious disagreement. We use this option to shed light on some important issues of a theory of Kelvin 
wave turbulence, touched in E. B. Sonin's paper, in particular, on the relation between the Vinen 
spectrum of strong- and the L'vov-Nazarenko spectrum of weak-turbulence of Kelvin waves. We 
also discuss the role of our explicit calculation of the Kelvin wave interaction Hamiltonian and of the 
"symmetry arguments" that are supposed to resolve a contradiction between the Kozik-Svistunov 
and L'vov-Nazarenko spectrum of weak turbulence of Kelvin waves. 



Introduction 

Because of its importance in superfluid turbulence and 
of the growing experimental capabilities in this field, 
there has recently been a renewed interest in the statisti- 
cal physics of Kelvin waves propagating on a vortex line. 
A complete understanding of the statistical behaviour of 
Kelvin waves is therefore crucial in order to develop a 
theory of superfluid turbulence. There were various at- 
tempts to find the energy spectrum of Kelvin wave tur- 
bulence. In historical ordering they are 

E v (k) oc e° jfe- 1 , Vinen-i; (la) 
£ KS (fc) oc e 1/5 k~ 7/5 , Kosik-Svistunov, (KS) (lb) 
£ LN (fc) oc e 1/3 k~ 5/3 , L'vov-Nazarenko (LN) — . (lc) 

Here e is the /c-independent energy flux in the "inertial 
interval" of wave vectors k located between the energy 
pumping scale, fcj n , and the dissipation scale, k^is'- h n <C 

k ^ &dis- 

The Vinen spectrum (jlap describes strong wave turbu- 
lence, when the inclination angle tp of vortex lines away 
from straight lines is not small, tp ~ 1. In this case, as 
it is well known in the theory of wave turbulence^—, a 
step- by-step cascading of the energy is absent, the energy 
flux over scales e(fc) is not constant and thus becomes ir- 
relevant. The power spectrum of strong wave turbulence 
(as a rule) is determined by the structure of singulari- 
ties in physical space. Well known examples are surface 
waves on deep water: when the acceleration at the top of 
the water waves exceeds the gravity acceleration g there 
are discontinuities of the first derivative of the wave pro- 
file (creation of "white horses" ) . In k- representation this 
corresponds to the universal 

E(k) ~ — r- , Phillips spectrum of gravity waves; (2a) 
k 6 

E(k) ~ — , Hix spectrum of capillary waves. (2b) 
k 

Here p is the fluid density and a is the surface tension. 
As it is expected, all the spectra (flaf and @ are in- 
dependent of the irrelevant parameter e. They can be 



found from dimensional reasoning, using the facts, that 
for gravity waves the only remaining parameter in the 
problem is the gravity acceleration g, for the capillary 
waves - surface tension a, and for the Kelvin waves, as 
Vinen realized, this is the circulation quantum n. Phys- 
ically speaking, the spectrum (jlap is a consequence of 
the vortex reconnections, that (presumably) happen for 
at all scales and lead to creation of discontinuities of the 
vortex directions. 

Philips, Hix and Vinen spectra of strong wave turbu- 
lence, being independent of e, belong to the same class 
of so-called critical balance states in which the linear and 
the nonlinear time scales are balanced for each k. It was 
explained in book^ that the critical balance states arise 
due to a wave strength limiting process, eg. wave break- 
ing of water waves or reconnections of Kelvin waves. 

The KS and LN spectra (|lb[) and (|Tc)) arc related to the 
weak wave turbulence of Kelvin waves, in which the an- 
gle tp is assumed to be small. In the theory of weak wave 
turbulence, the Hamiltonian of wave interaction can be 
expanded in series of small wave amplitudes (inclination 
angle for the Kelvin waves and for the gravity and cap- 
illary surface waves) and only the first nontrivial term 
in this expansion, describing the interaction of p > 3 
waves determines the turbulent energy spectra. For sur- 
face capillary waves, p = 3, for the surface gravity waves 
(in which 3- wave processes are forbidden by the conserva- 
tion laws^) p = 4, for the Kelvin waves p = 6, as correctly 
was found by KSS. 

Within the framework of wave turbulence^ the energy 
flux over scales, e, is proportional to the wave-collision 
integral, St p (fc) which, in its turn is proportional to the 

energies of p— 1 waves E(k'), E{k ) E{k^ p ~ 1 " 1 ) partic- 
ipating in a p-wave "collision" processes. Under assump- 
tion of locality of the energy transfer, when the leading 
contribution to St p (fc) comes from k',k" ,...k^-^ ~ k 
one immediately concludes that e cx [E(k)] p ~ 1 or 

E{k) cx ^/(f-i) . (3) 

These simple arguments one can be found in books^ or, 
e.g. in Online Lecture Course^. 

KS spectrum (|lb[) was found in£ as a result of 3 3 
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Kelvin wave scattering (jp = 6) under assumption of the 
interaction locality. However ir>£, the locality assumption 
used in£ was checked and shown to be violated for 3 
3 Kelvin- wave interactions. This invalidated the local 
theory, and a nonlocal theory was proposed^ resulting in 
1 «■ 3 Kelvin- wave interactions (with p = 4). This has 
prompted a lively debate about the correct spectrum of 
Kelvin waves ir>2r— which was summarized in two Abu 
Dhabi workshops on supcrfluid turbulence in May 2011— 
and June 2012. 

The bottom line of these discussions is very simple: the 
basic assumptions and the calculation schemes were the 
same in both K££ and LN^ approaches. Namely, the ini- 
tial Hamiltonian formulation of the Biot-Savart equation 
of the vortex line motion was the same, the Hamilto- 
nian expansion approach up to the six-order terms (un- 
der assumption of smallncss of the Kelvin wave ampli- 
tudes) was identical, the canonical transformation tech- 
nique aiming at the elimination of the four-order terms 
was the same and only the results were different. In Ref»£ 
we presented an explicit infrared (IR) asymptotic form of 
the effective 6- wave interaction amplitude, 

Wf'l 3 = -^-hk 2 k 3 k 4 k 5 k 6 , (4) 

which directly leads to LN spectrum (fTcf . 

To encourage our colleagues to check our derivation, 
we have made it publicly available in the form of a 
line-by-line commented Mathematica code — . On the 
other hand, KS have not calculated the IR asymptotic 
of a- Instead, they presented an argument based 
on symmetry considerations whose aim was to show at 
showing that Wf'f'^ cannot have linear IR asymptotics 
and, therefore, cannot have the form In the other 
words, KS claimed that our derivation of Eq. ^ con- 
tains algebraic mistakes. The symmetry argument of KS 
was refuted in^i^ and in further discussions at the 2011 
and 2012 Abu Dhabi workshops; It was shown that the 
presence of tilt symmetry does not imply the absence of 
linear IR asymptotics in the nonlinear interaction coeffi- 
cients. Thus, the resolution of the controversy must be 
done by a careful rigorous derivation rather than by fur- 
ther hand-waving avoiding the direct check. This was 
summed up in the 2011 Abu Dhabi workshop by LN by 
a call to "put your Hamiltonian on the table!" 

Unfortunately, we cannot say that the paper by 
Sonini^ clarifies the issue. Besides more or less simple 
statements with which we agree, it has a set of unclear, 
questionable and sometimes even incorrect hand-waving 
arguments. These arguments are related to two main is- 
sues in the theory of Kelvin wave turbulence in T = 
superfluids: 

1. The role of the tilt symmetry in Kelvin wave tur- 
bulence; 

2. The properties of strong Kelvin wave turbulence 
and of the Vinen spectrum (|lal) . 



Because of their importance we found it timely to further 
spell out our position to the supcrfluid physics commu- 
nity and to comment on at least some of Sonin's state- 
ments. In particular, we will clarify several issues and 
past results which appear to have been misinterpreted in 
RefM. 

Sonir>i^ has also suggested an alternative scenario of 
the crossover between the classical and the quantum re- 
gions of energy spectra in a way that doesn't involve 
a bottleneck energy accumulation near the inter-vortex 
scale I. This problem is closely related with that of 
the zero-temperature limit of the effective Vinen viscos- 
ity i^'(0), which is much smaller then its value v'{T) for 
T < 7a— . Explanation of this effect was suggested in 
our bottleneck papers^ and not addressed in the Sonin 
paper—. We disagree with the Sonin scenario and are 
going to return to this question soon during discussion 
more general problem: temperature dependence of v' '(T) 
in wide temperature range from T to T T\. 

Role of the tilt symmetry in Kelvin wave turbulence 

It is known that the tilt symmetry of the Kelvin wave 
hamiltonian is broken when the nonlincarity is truncated 
at a finite order of the wave amplitude. Sonin in Sec. II 
of Rcffii illustrates his points by considering a tilt trans- 
formation of an exact fully nonlinear solution. Within 
the Local Induction Approximation the frequency of this 
exact Kelvin wave solution is 



47iVl + a?k 2 

Here a is the wave amplitude, A = ln(£/ao) where oq is 
the vortex core radius. 

a. Sonin's first objection: 

"The mechanism of L 'vov et al£ is absent in the co- 
ordinate frame, with the axis coinciding with the 
average position of the vortex line in which average 
vortex displacement and tilt are absent. " 

And later: 

"The mechanism of L 'vov et al. originates from the qua- 
sistatic Kelvin mode, which in the limit of small k 
is equivalent to a tilt ip ~ ka of the z axis. The tilt 
can be removed by transformation to another coor- 
dinate frame, in which the mechanism disappears. " 

This is incorrect. The scenario of L'vov et al. is not elim- 
inated by introducing the frame with the axis coinciding 
with the average position of the vortex line, because it 
involves the rms tilt at and near the forcing scales and 
not the straight average of the line tilt. The forcing scale 
is the largest scale for the direct cascade setup, but it 
is of course much less than the total system size. Thus, 
the forcing scale motions make many oscillations within 
the containing "box" and they cannot be eliminated by 
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any rotation of any angle. For simplicity, one can con- 
sider an idealized system where the scales in between the 
box size and the forcing scale are damped (suppressed 
inverse cascade setup). This is precisely the frame with 
zero mean tilt that, if it exists, is relevant for the Wave 
Turbulence construction. When the average tilt does not 
stabilize at a finite value in the infinite box limit then 
the average should simply be taken over finite distances 
which arc considerably greater than the forcing scale. 

b. Second Sonin's objection: 

"Since the main contribution to Kelvin-wave dynamics 
comes from the sixth-order terms, the Hamiltonian 
used by L'vov et al. violates tilt symmetry". 

So what? What Lebedev, L'vov and Nazarenko actu- 
ally showed (in responses*^ to Kozik and Svistunov ob- 
jections) is that the tilt symmetry does not prevent the 
interaction coefficients of any order to have linear in k 
asymptotics. This is completely different from the claim 
that the truncated system is tilt symmetric which is, of 
course, wrong but which has never been made in the 
first place. Moreover, the fact that all the higher order 
terms are needed does not contradict the fact that only 
the leading order (six-wave) nonlinear terms are impor- 
tant for the wave turbulence spectrum when the forcing 
is weak. 

c. One more of Sonin's objections: 

"In summary, tilting of the axis affects distribution in k 
space. 

Notice that Lebedev et al£ revealed evidence of this 
effect in the series expansion in k space and called 
it the nonlinear shift of the Kelvin-wave frequency 
with the wave of small k. They argued that this 
was a nontrivial observable physical effect, which 
supported their position. Without arguing the ob- 
servability of the effect, I would prefer to call it a 
visual rather than a physical effect, which has noth- 
ing to do with the global symmetry at the border. " 

This is also incorrect. The nonlinear frequency shift 
has nothing to do with any sort of redistribution in 
the fc-space but rather it is a change of frequency, at 
a fixed k, with respect to the frequency of the linear 
waves. It is clearly present in E. B. Sonin's example of 
a monochromatic Kelvin wave with a frequency given 
by formula above. Note that, to leading order, the 
frequency correction is — ifc 4 a 2 which confirms the linear 
asymptotics of the four-mode coupling coefficient with 
respect to each of the four coupled wavevectors; They 
are all asymptotically equal to k in this example. This 
is a real observable effect! 



We think that at the time being it would be reason- 
able to postpone discussion of other similar objections 
by Sonin to later time. Right now, we would only like to 
candidly repeat our May-2011 appeal " 'put your Hamil- 
tonian on the table!" . Up to now we haven't yet received 
a response from KS. That is why we may only hope that 
Sonin will finalize the discussion either by presenting his 
own public available line by-line calculation of the ex- 
plicit form of the interaction amplitude W or by kindly 
pointing out exactly in which line /lines of our calcula- 
tion^ we made, according to his opinion, a mistake. 



I. Strong Kelvin wave turbulence and Vinen 
spectrum 

In Sec. IV of Ref— Sonin considers the case when the 
nonlinearity parameter tp is not small and we are dealing 
with the strong wave turbulence (without saying this ex- 
plicitly). In this case, as we explained above, one cannot 
expand the interaction Hamiltonian. The step-by-step 
cascading of the energy is absent, the energy flux over 
scales e(fc) f^const. and thus becomes irrelevant together 
with the hypothesis of the interaction locality. 

Sonin's discussion of this problem provides an illustra- 
tion of how invalid arguments can sometimes combine in 
ways that eventually produce the correct answer: Vincn- 
2003 spectrum (Tla|) of strong Kelvin wave turbulence-. 
First he made a strange statement that in the formal 
expansion of the interaction Hamiltonian (without small 
parameter, ip ~ 1) "the higher-order terms can be im- 
portant as well, or even more important". Next he as- 
sumed the interaction locality for any p, which is highly 
questionable and (as we believe) even wrong for p = 6. 
Then he applied Eq. Q from the theory of weak wave 
turbulence, which is not valid in the case of strong tur- 
bulence. After that he took the limit p — > oo in Eq. ^ 
and came to correct conclusion that the energy spectra of 
strong wave turbulence is independent of the (irrelevant) 
parameter e(k). 

A positive content of Sec. IV in Sonins' paper— is that 
he was able to erase, in implicit way, the important ques- 
tion of the relations of the strong- and weak-wave tur- 
bulence regimes of Kelvin- wave turbulence, i.e., as we 
believe, between the Vinen and L'vov-Nazarenko spec- 
tra (fTa|) and (fief . We will return to this issue elsewhere. 
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